In this paper the influence of different dispatching rules on the average production lead time is investigated. Two theorems based on covariance between processing time and production lead time are formulated and proved theoretically. Theorem 1 links the average production lead time to the "processing time weighted production lead time" for the multi-stage production systems analytically. The influence of different dispatching rules on average lead time, which is well known from simulation and empirical studies, can be proved theoretically in Theorem 2 for a single stage production system. A simulation study is conducted to gain more insight into the influence of dispatching rules on average production lead time in a multi-stage production system. We find that the "processing time weighted average production lead time" for a multi-stage production system is not invariant of the applied dispatching rule and can be used as a dispatching rule independent indicator for single-stage production systems.
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Introduction
Short production lead times offer several advantages. According to Little's Law (Little, 1961) , shorter production lead times also result in lower WIP (Work in Process) levels at the same utilization and therefore less capital is employed. Furthermore, shorter production lead times allow quicker responses to market demand changes (see Altendorfer and Jodlbauer, 2011) . Average production lead time is influenced by the decisions of production planning and control. For short-term scheduling, especially dispatching rules are often applied and so their influence on average production lead time is a subject of research (see the reviews of Blackstone et al. (1982) , Waikar et al. (1995) and Rajendran and Holthaus (1999) as well as the book of Pinedo (2008) ). Dispatching rules are used to select the next order to be processed from waiting orders in front of the processing station.
Various simulation studies examine the influence of dispatching rules on average production lead time. Barrett and Kadipasaoglu (1990) show a dynamic flow shop that the Shortest Processing Time (SPT) rule performs best in terms of average production lead time. Waikar et al. (1995) compare 10 different dispatching rules under different shop loads in their simulation study. Evaluating the average production lead time of jobs, again the SPT rule performs best and First-In-First-Out (FIFO) is ranked fourth. Hung and Chen (1998) show that Shortest Remaining Processing Time (SRPT) and Earliest Due Date (EDD) are good dispatching rules to reduce average production lead time in semiconductor wafer fabrication. Jayamohan and Rajendran (2000) , El-Bouri et al. (2008) and Chen and Matis (2013) compare new dispatching rules with standard rules with regard to different performance measures such as average, maximum and variance of production lead time and tardiness. The results of Jayamohan and Rajendran (2000) simulation study show that for flow shops SPT is the rule with the shortest average production lead time.
Whenever simulation is applied to discuss the effect of dispatching rules on the average production lead time, the focus is mainly on comparing the performance of dispatching rules and developing new dispatching rules. Very little literature is available on the development of analytical models based on simulation and empirical studies. One such stream is based on the application of the funnel model for single stage models (see Wiendahl et al., 1994; Wiendahl and Breithaupt, 1999) where approximation functions for production lead time and inventory are identified applying empirical data for their parameterization. Based on this funnel model, Nyhuis and Wiendahl (2009) derive approximations for average production lead time using SPT and Longest Processing Time (LPT) as dispatching rules.
From the research work reviewed above, it becomes clear that most literature dealing with the interaction between dispatching rules and production lead time either applies simulation or empirical data and approximation equations. Nevertheless, queuing theory can also be applied.
An analytical model based on queuing theory shows that the SPT rule minimizes the expected production lead time in a static Contents lists available at SciVerse ScienceDirect journal homepage: www.elsevier.com/locate/ijpe job shop with deterministic processing times (see Buzacott and Shanthikumar, 1993; Hopp and Spearman, 2008) .
The work by Nyhuis and Wiendahl (1999) and Nyhuis and Wiendahl (2009) introduced the range, which is the "processing time weighted average production lead time" in comparison to the arithmetic average production lead time. They show that the range is independent of the dispatching rule applied for a single-stage production system. The papers by Jodlbauer (2005) and Jodlbauer and Stöcher (2006) extended the framework for continuous input and output functions in a single-stage production system.
In Section 2, two theorems are developed based on the work of Wiendahl (2009), Jodlbauer (2005) and Jodlbauer and Stöcher (2006) . Basic statistical relationships concerning the covariance of (in)dependent random variables are applied in Theorem 1 to identify the relationship between average production lead time and "processing time weighted average production lead time" for multi-stage production systems. From the inherent logic of dispatching rules, the algebraic sign of the covariance between processing time and queuing time is identified in this paper for a set of basic dispatching rules and their influence on average production lead time is analytically discussed in Theorem 2 for single-stage production systems. In Section 3 a simulation study is conducted to confirm the developed theorems and to gain more insights for practitioners. Concluding remarks are presented in Section 4.
Analytical discussion of the average production lead time
A multi-stage production system consisting of m processing units including a buffer right before the processing unit as illustrated in Fig. 1 is discussed. Input stream 1 of production orders at the first machine is part of the production system, whereby changing input streams leads to a different production system (e.g. dispatching rule). At each buffer the production orders are sorted according to their dispatching rule.
Only one order at a time can be processed at a processing unit. In the observed time period, n orders leave the production system and for each order the logistical figures processing time, production lead time and queuing time in front of the processing unit are evaluated for each sub production system. Processing time is the time an order spends in the processing unit. Production lead time of an order is the time span between entering the buffer in front of the processing unit and leaving the processing unit. The queuing time denotes the production lead time minus the processing time and can be interpreted as the waiting time (while not being processed) in the buffer stock. Processing time, production lead time and queuing time of order i at stage α are random variables denoted with P i;α , L i;α and Q i;α , respectively. The terminology used in this paper is presented in Table 1 .
There is a lot of literature available on the proof of Little's Law (see Little, 1961; Eilon, 1969; Medhi, 1991; Hopp and Spearman, 2008) . However, all of this literature discusses the relationship between expected production lead time and the expected inventory related to the processing rate, but none discusses the "processing time weighted production lead time". For the expected production lead time, simulation studies show that relationship between expected production lead time and the expected inventory depends on the applied dispatching rule. The above mentioned proofs for Little's Law are extended by a proof delivered in Jodlbauer and Stöcher (2006) which shows that for continuous input and output processes, the "processing time weighted average production lead time" is independent of the dispatching rule in a single-stage production system. They also show that Little's Law still holds for the "processing time weighted average production lead time". Furthermore, their proofs also hold for monotonic step functions which means that it also holds for a setting with discrete customer orders.
In the first theorem, the relationship between average production lead time and "processing time weighted average production lead time" is formulated using the covariance of production lead time and processing time.
Theorem 1. For a multi-stage production system, the following identities between average production lead time and "processing time weighted average production lead time" hold true:
Proof of Theorem 1
If the input stream of the production system (see Fig. 1 ) is changed, then Cov P; Q ½ , l and finally E L ½ changes. Therefore, gen-
If another dispatching rule is applied the Cov½Q ; P changes and therefore E½L dispatching rule 1 ≠ E½L dispatching rule 2 holds true.
If dispatching rules are applied, which do not use processing time information for priority calculation, Cov½P; Q is equal to 0. Therefore, E½L random is defined:
E½L random can be interpreted as the expected production lead time of dispatching rules which do not use any information about the processing time. Nyhuis and Wiendahl (1999) (see Nyhuis and Wiendahl (2009) for the English version) developed the same formula as Eq. (5) Theorem 2 introduces dispatching rules in the model framework based on the property that the "processing time weighted average production lead time" is independent of the dispatching rule applied. Moreover, Theorem 2 holds true only for single-stage production systems and is formulated for (i) random-like, (ii) LPTlike and (iii) SPT-like dispatching rules.
Theorem 2.
(i) For any dispatching rule D of a single-stage production system with Cov P; Proof of Theorem 2 Approximating E LP ½ and E P ½ with their respective sample means (with n orders) results in the following equation, which is equivalent to the "processing time weighted average production lead time" of Jodlbauer and Stöcher (2006) for a single-stage production system:
According to Jodlbauer and Stöcher (2006) l does not depend on the used dispatching rule for single-stage production systems.
The formula proven in Theorem 2 confirms the relationship presented in Nyhuis and Wiendahl (2009) for a FIFO system. For other dispatching rules, Nyhuis and Wiendahl (2009) show by simulation studies that the average lead time is longer for Longest Processing Time (LPT) rule than for FIFO. Furthermore, the average lead time is shorter for the SPT policy than for FIFO. This connection is also well-known from queuing analysis (see Buzacott and Shanthikumar, 1993) and scheduling literature (see, e.g., Blazewicz et al., 2007; Pinedo, 2008) .
Simulation study
Due to the fact that Theorem 2 is only proven for single-stage production systems, a simulation study is conducted to analyze Theorem 2 in a multi-stage production system. Therefore, twelve different dispatching rules are compared for a multistage production system consisting of four machines. Anylogic 6.8.0 is used as discrete event simulator and the model presented in Hübl et al. (2011) is applied. The model has been validated as proposed in Kleijnen (1995) by comparing the analytic results of Altendorfer and Jodlbauer (2011) calculating E L ½ of the single-stage FIFO production system with simulation results.
In this simulation study a Poission arrival process with an arrival rate of 25 orders per period is assumed. Simulation length is set to 68 periods and 20,000 replications are conducted. It is ensured that all orders are completed (see Pinedo, 2008) . One order requests one finished item and one order can be processed at a time in each machine. Customer required lead time distribution is lognormal distributed with an expected value of 5 time units and standard deviation of ffiffiffi 2 p time units. Moreover, processing times are lognormal distributed with an expected value of 0.4 time units and a standard deviation of ffiffiffiffiffiffiffi 0:4 p time units. The processing times include any additional random times (e.g. set up times) but no sequence based times. For practical reasons long processing times are projected to 4 time units. Processing times are independent for each production stage.
For each order i, the random variables P i;α , L i;α and Q i;α are measured. To gain more insights the correlations coefficients ρ P α ; Q α ½ for the four machine model are presented in Table 2 . The comparison presented in this section is linked to the correlation coefficients since they indicate in a standardized way how strong a relationship is. However, the real covariances have to be taken into account to calculate the average production lead time Table 1 Definitions.
Symbol Description
n Number of orders leaving the system. m
Number of machines in the production system.
Pα
Random variable of processing time with its respective realization P i;α of order i at machine α including additional random times (e.g. set up times) but no sequence based times.
Lα
Random variable of production lead time with its respective realization L i;α of order i at machine α:
Random variable of queuing time with its respective realization Q i;α of order i at machine α: lα : ¼ E½LαPα =E½Pα "Processing time weighted average production lead time" at machine α according to Jodlbauer and Stöcher (2006) .
Processing time weighted average production lead time" according to Jodlbauer and Stöcher (2006) extended to general production system (single-and multi-stage production system).
E½:; Var½:
Expected value and variance of a random variable. from Eqs. (1) and (2). Therefore, the covariance values are provided in the Appendix.
The following twelve dispatching rules are tested and grouped into four groups according to Theorem 2: LPT_o: orders are sorted based on the sum of all processing times in the production system (not only the remaining), the highest sum is ranked first. SPT_o: orders are sorted based on the sum of all processing times (not only the remaining) in the production system; the lowest sum is ranked first.
SRPT (Shortest Remaining Processing Time): orders are ranked based on the sum of the remaining processing time to fulfill the order at all remaining processing steps; the order with the shortest remaining processing time is ranked first.
(iv) Dispatching rule for practical use:
SPT Slack: orders are sorted according to the shortest processing time and if they have exceed the due date, the orders are prioritized according to their (negative) slack.
3.1. Observation 1-"processing time weighted average production lead time" at each stage α depends on the arrival process Table 2 summarizes the results for the four machine cases, where l 1 to l 4 indicate the "processing time weighted average production lead time" for each single stage of the four machine production systems. l 12 , l 123 and l 1234 are the "processing time weighted average production lead times" for the stages one to two, one to three and the whole production system respectively. ρ½P; Q for stage 1 is the correlation coefficient between the processing time at stage 1 and the queuing time at stage 1. ρ½P; Q for the stages 1234 is the correlation coefficient between the sum of processing times of all stages and the sum of the waiting time of all stages.
The "processing time weighted average production lead time" of the first stage (single machine production system) is independent of the dispatching rule as shown in Wiendahl (2009), Jodlbauer (2005) and Jodlbauer and Stöcher (2006) . For all other machines in the flow shop (using the same dispatching rule at each stage), it has been observed that the "processing time weighted average production lead time" depends on the used dispatching rule and is increasing over each production state (except for the dispatching rule SRPT). Especially for LPT an interesting gap between machine 1 and machine 4 can be observed. The results explicitly show for all dispatching rules that l 1234 is not the sum of l 1 to l 4 .
For group (i) l is at each stage approximately equal because no processing time information is used. Moreover, ρ½P; Q is 0 for dispatching rules (i) for the single machine stages. For the multistage systems the covariance term is unequal to 0, which, indeed, makes the analytical proof of Theorem 2 for the multi machine case unfeasible in the current setting.
Category (iv) in Table 2 presents the SPT rule in combination with a slack rule which increases the practical relevance of SPT dispatching rule because due date is included in the priority calculation of orders. Based on this combination it fits in none of the discussed groups of Theorem 2. The correlation coefficient for stages 1 and 2 and the multi-stage production system 12 are positive which shows a dominant SPT-like behavior, whereby for the multi-stage production systems 123 and 1234 the slack behavior gets dominant in order to fulfill the due dates. The switch between slack and SPT-like behavior depends on the switching point between SPT and least slack rule. In this case the rule switches if orders have exceed the due date but any other scenario is possible. We conjecture that the input stream of the downstream subproduction system is influenced by the dispatching of the upstream sub-production system. If for example LPT is chosen, then in the beginning the whole system is empty and the orders arrive according to a poison process at the queue of the first machine. The order with the longest processing time is released into the processing at the first machine. However, on the second processing unit no orders are waiting and the finished order at processing unit 1 has no waiting time in front of processing unit 2. Due to the fact that the processing times are independent, the processing time of the finished order at processing unit 1 is, with a high probability, higher than the processing time of processing unit 2. As defined in Fig. 1 , the production system boundaries include the input stream. If another dispatching rule is applied, the input-stream changes and a different production system results.
3.2. Observation 2-according to the simulation results Theorem 2 holds also for the multi-stage cases Table 3 indicates expected value and coefficient of variation of L for single and multi-stage production systems. c v L ½ for stage 1 for the dispatching rule Random is 2.59. E L ½ for the first two stage by the use of SRPT as dispatching rule is 3.71.
According to Theorem 2, E L i ½ is equal for all dispatching rules, where no information about the processing time is used for prioritizing jobs based on a single-stage setting, which is indeed the case for dispatching rules i. The same behavior is observed for the multistage cases.
For the tested single and multi-stage production systems where LPT like dispatching rules are applied, E L ii ½ 4 E L i ½ holds true. Moreover, if SPT like dispatching rules are used then E L iii ½ o E L i ½ holds true for single and multi-stage production systems.
c v L ½ for random dispatching rule is higher than for FIFO because the orders are sorted randomly which has no effect on the expected value but the variance and therefore coefficient of variation is increasing due to the sorting process. The variance of the customer required lead time effects the results of the c v L ½ for the dispatching rule EDD. However, in this case only little effect on c v L ½ compared to FIFO can be observed.
It is not advisable to apply dispatching rules with a high c v L ½ (Random, LPT, LPT_o, SPT, SPT_o, and SRTP) because the reliability of the production schedule is low. Moreover, the more c v L ½ is increasing, the more operating curves deviate from the ideal operating curves (see Nyhuis and Wiendahl, 2009 ).
Based on Observation 2 we believe that Theorem 2 holds true in general for a multi-stage setting and extents Theorem 2. Hence, the analytic proof needs to be investigated in further research.
Conclusions
In this paper, a theorem for calculating the average production lead time based on the covariance of processing and queuing time, and the "processing time weighted average production lead time" is formulated for multi-stage production systems. For single-stage production systems the influence of different dispatching rules on average production is theoretically proven.
Moreover, a simulation study for a multi-stage production system is conducted. We find that the "processing time weighted average production lead time" for a multi-stage production system is not invariant of the applied dispatching rule, because the dispatching rules in multi-stage setting will change the input stream of the production orders for the next sub-production system. Nevertheless, simulation results show that Theorem 2 holds for the tested multi-stage production system and we assume that Theorem 2 holds true for multi-stage production system in general. The analytical proof of Theorem 2 for multi-stage production systems is postponed to further research.
For practical application, we find that the "processing time weighted average production lead time" can be used as a dispatching rule independent indicator for single-stage production systems. Based on this measure, new approximation possibilities for production lead time when applying certain dispatching rules have been developed based on the covariance of processing and queuing time.
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Appendix
See Table 4 . 
